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Abstract 

For self-injective algebras, Rickard proved that each derived equivalence induces a stable equivalence of 
Morita type. For general algebras, it is unknown when a derived equivalence implies a stable equivalence 
of Morita type. In this paper, we first show that each derived equivalence F between the derived categories 
of Artin algebras A and B arises naturally a functor F between their stable module categories, which can be 
used to compare certain homological dimensions of A with that of B; and then we give a sufficient condition 
for the functor F to be an equivalence. Moreover, if we work with finite-dimensional algebras over a field, 
then the sufficient condition guarantees the existence of a stable equivalence of Morita type. In this way, 
we extend the classic result of Rickard. Furthermore, we provide several inductive methods for constructing 
those derived equivalences that induce stable equivalences of Morita type. It turns out that we may produce 
a lot of (usually not self-injective) finite-dimensional algebras which are both derived-equivalent and stably 
equivalent of Morita type, thus they share many common invariants. 

Ill 



1 Introduction 

As is well-known, derived equivalence and stable equivalence of Morita type are two fundamental types of equiv- 
' alences in algebras and categories, and play an important role in the modern representation theory of groups and 
algebras, they transfer information from one algebra to another, and provide a convenient bridge between two 
different (derived or stable) categories. In particular, derived equivalences preserve many significant invariants; 
for example, the center of an algebra, the number of non-isomorphic simple modules, the Hochschild coho- 
[ mology groups and Cartan determinants, while stable equivalences of Morita type, introduced in around 1990 
(see IS, for example) and appearing frequently in the block theory of finite groups, preserve also many nice 
invariants; for instance, the global, finitistic, and representation dimensions [TB] as well as the representation 
types [7J- For self-injective algebras, the two notions are closely related to each other, this was revealed by a 
well-known result of Rickard ifTSl . which states that a derived equivalence between self-injective algebras in- 
duces always a stable equivalence of Morita type. Moreover, the remarkable Abelian Defect Group Conjecture 
of Broue, which states that the module categories of a block algebra A of a finite group algebra and its Brauer 
correspondent B should have equivalent derived categories if their common defect group is abelian (see [12]), 
makes the two concepts more attractive and intimate. However, for general finite-dimensional algebras, derived 
equivalence and stable equivalence of Morita type seem to be completely different from each other; for example, 
a representation-finite algebra may be derived-equivalent to a representation-infinite algebra via a tilting module, 
and consequently they neither are stably equivalent of Morita type nor have the same representation dimension. 
Thus a natural question arises: What kind of relationship between a derived equivalence and a stable equivalence 
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of Morita type for general finite-dimensional algebras could exist? In other words, we consider the following 
question: 

Question. When does a derived equivalence between two finite-dimensional (not necessarily self-injective) 
algebras A and B induces a stable equivalence of Morita type between them ? 

Thus, a positive answer to the above questions would let us know more invariants between algebras A and 
B. However, in the past time, little is known about this question. One even does not known when a derived 
equivalence induces a stable equivalence for general finite-dimensional algebras. 

In the present paper, we shall provide some answers to this question. To state our main result, let us introduce 
the notion of an almost v-stable functor. Suppose F is a derived equivalence between two Artin algebra A and 
B, with the quasi-inverse functor G. Further, suppose 

r*: ^0 — ^r^" — > >T-^ — — >o — 

is a radical tilting complex over A associated to F , and suppose 

f* : >Q — — >f^ — > >T" — >Q — 

is a radical tilting complex over B associated to G. The functor F is called almost v-stable if add(0r^'_j T') = 
add(0r« jVAr'), and add(0"^i f) = add(0;Li Vsf'), where Va is the Nakayama functor of A. Note that the 
summations exclude only the term in degree 0. If A and B are self-injective, every derived equivalence between A 
and B is almost v-stable (by Proposition l3.8l below). Surprisingly, even beyond the class of self-injective algebras 
there are plenty of almost v-stable derived equivalences, for example, the derived equivalences constructed in 
161 Corollary 3.8] and in Proposition 13.111 below. In fact, we shall give a general machinery below to produce 
such derived equivalences. 

With this notion in mind, our main result can be stated as follows. 

Theorem 1.1. Let A and B be Artin algebras, and let F be a derived equivalence between A and B. Then: 

(1) F induces a functor F from the stable module category over A to that over B. 

(2) If F is almost v-stable, then the functor F defined in (1) is an equivalence. Furthermore, if F is an 
almost V-stable derived equivalence between finite-dimensional algebras A and B over a field k, then there is 
a stable equivalence <I> of Morita type between A and B such that ~ F{X) for all objects X in the stable 
module category over A. 

As a consequence of the proof of Theorem ll.il we have the following facts on the homological dimensions 
of algebras. 

Corollary 1.2. Let A and B be Artin algebras, and let F be a derived equivalence between A and B. Tfadd Q) = 
add(VA2), then 

(1) gl.dim(A) ^ gl.dim(B), 

(2) fin.dim(A) ^ fin.dim(B), 

(3) dom.dim(A) ^ dom.dim(B). 

where gl.dim(A), fin.dim(A) and dom.dim(A) stand for the global, finitistic and dominant dimensions of A, 
respectively. 

Note that if A and B are finite-dimensional self-injective, we re-obtain the well-known result ifTSl of Rickard 
from Theorem ll.il Derived-equivalent self-injective algebras are stably equivalent of Morita type. Moreover, 
Theorem 11.11 allows us to obtain a lot of (usually not self-injective) algebras which are both derived-equivalent 
and stably equivalent of Morita type. By the following corollary, we can even repeatedly construct derived 
equivalences satisfying the almost v-stable condition. 
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Corollary 1.3. Let k be a field, and let F be an almost v-stable derived equivalence between two finite- 
dimensional k-algebras A and B. Then: 

(1) For any finite-dimensional self-injective k-algebra C, there is an almost v-stable derived equivalence 
between the two tensor algebras A^^C and B (^k C. 

(2) Let F be the stable equivalence induced by F in Theorem \L1\ Then, for each A-module X, there is an 
almost v-stable derived equivalence between the endomorphism algebras EndA(A ©X) and EndsiB (B F (X)). 

(3) If X is an A-module such that F{X) is isomorphic to a B-module Y, then there is an almost V-stable 
derived equivalence between the one-point extensions A[X] and B[Y]. 

This paper is organized as follows. In Section |2l we sliall recall some basic definitions and facts required in 
proofs. In Section |3l we first sliow that every derived equivalence 7^ between two Artin algebras A and B gives 
rise to a functor F between their stable module categories, and then give a sufficient condition for the functor 
F to be an equivalence between stable module categories over Artin algebras. In Section |4l we deduce some 
properties of the functor F and then compare homological dimensions of A with that of B. In particular, we 
get Corollary 11.21 As a by-product, we re-obtain the result that a derived equivalence preserves the finiteness 
of finitistic dimension. In Section |5l we show that the condition given in Section [3] is sufficient for F to induce 
a stable equivalence of Morita type when we work with finite-dimensional algebras over a field. In Section |6l 
we give several methods to construct inductively derived equivalences satisfying the almost v-stable condition. 
Finally, in Section |7J we exhibit a couple of examples to explain our points about the main result. 

2 Preliminaries 

In this section, we shall recall basic definitions and facts required in our proofs. 

Let C be an additive category. For two morphisms / : X — > 7 and g :Y —>■ Z in C, the composition of / 
with g is written as fg, which is a morphism from X to Z. But for two functors F : C ^ D and G : ® ^ E of 
categories, their composition is denoted by GF. For an object X in C, we denote by add(X) the full subcategory 
of C consisting of all direct summands of finite direct sums of copies of X. 

Throughout this paper, unless specified otherwise, all algebras will be Artin algebras over a fixed commu- 
tative Artin ring R. All modules will be finitely generated unitary left modules. If A is an Artin algebra, the 
category of all modules over A is denoted by A-mod; the full subcategory of A-mod consisting of projective 
(respectively, injective) modules is denoted by A-proj (respectively, A-inj). We denote by D the usual duality 
on A-mod. The duality HomA(— ,A) from A-proj to A°P-proj is denoted by *, that is, for each projective A- 
module P, the projective A°P-module HomA(P,A) is denoted by P*. We denote by Va the Nakayama functor 
DHomA(— ,A) : A-proj — > A-inj. 

The stable module category A-mod of an algebra A is, by definition, an /^-category in which objects are the 
same as the objects of A-mod and, for two objects X,Y in A-mod, their morphism set, denoted by Hom4(X,F), 
is the quotient of HomA(X,F) modulo the homomorphisms that factorize through projective modules. Two 
algebras are said to be stably equivalent if their stable module categories are equivalent as /^-categories. 

For finite-dimensional algebras over a field k, there is a special class of stable equivalences, namely stable 
equivalences of Morita type. Recall that two finite-dimensional algebras A and B over a field k are called stably 
equivalent of Morita type if there are two bimodules and b^a satisfying the following properties: 

(1) all of the one-sided modules aM,Mb,bN and Na are projective, and 

(2) there is an A-A -bimodule isomorphism aM (E>bNa — A(£iU for a projective A-A-bimodule U ; and there 
is a B-B-bimodule isomorphism bN ^a Mb ~ B © V for a projective B-B-bimodule V. 

If two finite-dimensional algebras A and B over a field are stably equivalent of Morita type, then the functor 
Tf^ : A-mod — > B-mod defined by bN 'S>a — is an equivalence. It is also called a stable equivalence of Morita 
type. (Note that if we extend the definition of a stable equivalence of Morita type from finite-dimensional 
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algebras to /^-projective Artin /?-algebras, then there is an open problem of whether could induce a stable 
equivalence on stable module categories, namely whether aU ®a^^^ projective for every A-module X.) 

Now, we recall some definitions relevant to derived equivalences. Let C be an additive category. A complex 

X* over C is a sequence of morphisms d'^ between objects X' m C: > X'^^ X' X'+^ — > • • • 

such that d'^d'^^ = for all / G Z. We write X' = {X',d'x). For each complex X*, the brutal truncation a<,X* 
is a subcomplex of X* such that (a<;X*)'^ is X'^ for all k < i and zero otherwise. Similarly, we define G>iX*. 
The category of complexes over C is denoted by "^(C). The homotopy category of complexes over C is denoted 
by J^(c). When C is an abelian category, the derived category of complexes over C is denoted by &{c). 
The full subcategory of J(^{c) and ^(c) consisting of bounded complexes over C is denoted by J(^^{c) and 
S'^{c), respectively. Moreover, we denote by ^^(c) the category of complexes bounded above, and by J(f^{c) 
the homotopy category of "^^((T). Dually, we have the category '^^^{c) of complexes bounded below and 
the homotopy category J^^{c) of 'io^{c). As usual, for a given Artin algebra A, we simply write "^(A) for 
■^(A-mod), J(r{A) for ^(A-mod) and J^^{A) for ^''(A-mod). Similarly, we write &{A) and ^''(A) for 
i^(A-mod) and ^''(A-mod), respectively. 

It is well-known that, for an Artin algebra A, J^{A) and ^(A) are triangulated categories. For basic results 
on triangulated categories, we refer to Happel's book [5|. Throughout this paper, we denote by X[n] rather than 
T"X the object obtained from X by shifting n times. In particular, for a complex X* in J^{A) or ^(A), the 
complex X*[l] is obtained from X* by shifting X* to the left by one degree. 

Let A be an Artin algebra. A homomorphism / : X — > Y of A-modules is called a radical map if, for any 
module Z and homomorphisms h : Z — > X and g : Y — > Z, the composition hfg is not an isomorphism. A 
complex over A-mod is called a radical complex if all of its differential maps are radical maps. Every complex 
over A-mod is isomorphic in the homotopy category Jf{A) to a radical complex. It is easy to see that if two 
radical complex X' and Y* are isomorphic in Jt^{A), then X* and Y* are isomorphic in "^(A). 

Two algebras A and B are said to be derived-equivalent if their derived category ^^^{A) and Si^{B) are 
equivalent as triangulated categories. In pT3 |, Rickard proved that two algebras are derived-equivalent if and 
only if there is a complex T* in ^''(A-proj) satisfying 

(1) Hom^b(^)(r*,r*[?i]) = for all n^O, and 

(2) add(r*) generates J^^''(A-proj) as a triangulated category 

such that B ~ End^b(^)(r*). A complex in ^''(A-proj) satisfying the above two conditions is called a tilting 
complex over A. By the condition (2), each indecomposable projective A-module is a direct summand of T' 
for some integer /. It is known that, given a derived equivalence F between A and B, there is a unique (up 
to isomorphism) tilting complex T* over A such that F{T*) ~ B. This complex T* is called a tilting complex 
associated to F . 

Let F be a derived equivalence between two Artin algebras A and B, and let Q* be a tilting complex associated 
to F . Without loss of generality, we may assume that Q* is radical and that Q =Q for / < —n and / > 0. Then 
we have the following fact, for convenience of the reader, we include here a proof. 

Lemma 2.1. Let A and B be two Artin algebras, and let F and Q* be as above. If G : ^^^{B) — > ^''(A) is a 
quasi-inverse ofF, then there is a radical tilting complex Q' associated to G of the following form: 

-2° -G^ -G" -0. 

Proof. Note that the tilting complex Q* associated to F is radical and of the form: 

— - — e-i ^ 

Let Q* be a radical complex in ^''(B-proj) such that Q* isomorphic to F{A) in &^{B). Then G{Q*) ~ GF{A) ~ 
A in ^^{A), which means that Q* is a tilting complex associated to G. Moreover, on the one hand, we have 

Hom^b(B)(e*,B[m]) ~Homg^b(^)(A,2*[m]) =0 
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for all m > 0, and consequently Q* has zero terms in all negative degrees. On the other hand, we have 



Hom^b(B)(B,^*[m]) ~Hom^b(A)(e*,^H) =0 

for allm>n and Hom^b^^^ {B, Q* [n] ) / 0. Thus the complex Q* has zero terms in all degrees larger than n, and 
its n-th term is non-zero. ■ 

The following lemma will be used frequently in our proofs. Again, we include here a proof for convenience 
of the reader. 

Lemma 2.2. Let A he an arbitrary ring, and let A-Mod be the category of all left ( not necessarily finitely 
generated) A-modules. Suppose X' is a complex over A-Mod bounded above and Y' is a complex over A-Mod 
bounded below. Let m be an integer If one of the following two conditions holds: 

{\)X^ is projective for all i > m and = Ofor all j < m; 

(2) YJ is injective for all j <m and X' = Ofor all i > m, 
then Qx'.y '■ ^^^jr[A-Mod)(^* ^^^™®(A-Mod)(^*'^*) induced by the localization functor 9 : ^(A-Mod) 
^(A-Mod) is an isomorphism. 

Proof. For simplicity, we write = J^^(A-Mod) and & = i^(A-Mod). The category of all left (not nec- 
essarily finitely generated) projective A-modules is denoted by A-Proj. By applying the shift functor, we may 
assume m = 0. Suppose (1) is satisfied. 

First, we consider the case X' = for all i < 0. Let 



■X^ 







be a projective resolution of X^ with all /" being projective A-modules. Then the following complex. 



pO 



denoted by P^, is in ,J^(A-Proj) and bounded above since X' is projective for all j > by our assumption, and 
there is a quasi-isomorphism n' : P^ ^X': 




We claim that Hom^(7t*,7*) : iiomj^{X*,Y*) — > Homj^(PJJ,7*) induced by 7t* is an isomorphism. Actually, 
if /* G Homj^(P^,y*), then f^ factorizes through the map n: P^ X^. Suppose f^ = ng^ for some g^ :X^ ^ 
y". Let g' := /' for all / > 0. Then g* = {g') is a chain map from X* to Y* and /* = n'g*. Consequently, 
the map Homj^(7l*,7*) is surjective. Further, we show that the map Hom^(ji*,y*) is injective. In fact, if 
7t*a* = for a morphism a* in Homj^(X*,7*), then there are maps h' -.X' ^ Y'~^ for all integer i > 1 such 



that na 







nd^h^ and a' 



d'j^h'^^ +h'd'Y ^ Thus a*^ = d^h^ since 71 is an epimorphism. Hence a* = 0, which 



implies that liomj^{Ti* ,Y*) is injective. It follows that Hom^(jt*,7*) is an isomorphism. 
Note that n' induces a commutative diagram 



Hom^(X*,7*) 



Hom^{X',Y') 



Hom^(PJJ,y) 



Hom^(p;^,y). 
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Since n* is a quasi-isomorphism, the right vertical map is an isomorphism. We have shown that the left vertical 
map is an isomorphism. Moreover, since is a complex in ^(A-Proj) and bounded above, the map Qp'j- is 
an isomorphism. It follows that Qx\y '■ Hom,^(X*,F*) — > ¥lom^{X' ,Y*) is an isomorphism. 

Now, letX* be an arbitrary complex satisfying the condition (1). Then there is a distinguished triangle 

a<(,X*[-l] ^a>oX' ^X'^a<oX' 

in Jt^. This triangle can be viewed as a distinguished triangle in ^. Applying the functors Homjf (— ,F*) and 
Hom5^(— ,F*) to the triangle, we have an exact commutative diagram 

Hom^(a<oX*,y) > Hom,x(X*,y) Hom,^(a>oX',y) > Hom,^.(a<oX*[-l],y) 



Hom^(a<oX*,F*) > Homs*(X*,y) \ Hom^(a>oX',F*) > Hom5^(a<oX'[-l],F*). 

By our assumption, we have F' = for all / < 0, and therefore Homjr(cT<oX*,F*) = 0. Note that o^qX* is 
isomorphic in ^ to a complex P* in ^(A-Proj) such that P[=0 for all / > 0. It follows that Hom^(a<oX*, F*) ~ 
Hom5^(P*,F*) ~ Hom.x(^i*,F*) = 0. Thus both maps .j(r{p, — ) and s^{p, — ) are injective. Note that o>oX* is a 
complex satisfying the condition (1) and the terms of a>oX* in all negative degrees are zero. By the first part of 
the proof, we see that the map Bc>qX',Y' is an isomorphism. It follows that Qx',y is injective. In particular, the 
map Qc^oX'[-i].y is injective. By the Five Lemma (see [il7i Exercise 1.3.3, p. 13], the map Qx'.y is surjective. 
Thus Qx'.y is an isomorphism. 

The proof for the situation (2) proceeds dually. ■ 

In the following, we point out a relationship between the Nakayama functor and a derived equivalence. Let 
F : ^*'(A) — > Si^{B) be a derived equivalence between Artin algebras A and B over a commutative Artin ring 
R. By ||T3l Theorem 6.4], F induces an equivalence from J^i^"^ (A-proj ) to ^''(B-proj). Note that the Nakayama 
functor Va : A-proj — > A-inj induces a functor from ^''(A-proj) to ^''(A-inj), which is again denoted by Va- 
When A and B are finite-dimensional algebras over a field k, it is known that FiyAP*) — VbF{P*) in ^''(B) for 
each P' e ^''(A-proj) [15]. We shall extend this to Artin algebras by using the notation of Auslander-Reiten 

triangle. Recall that a distinguished triangle X — ^ M Y X[\] in S)'°(A) is called an Auslander-Reiten 
triangle if 

(ARl) X and F are indecomposable, 

(AR2) w / 0, and 

(AR3) iit :IJ — F is not a split epimorphism, then tw = 0. 

For a given object F in !^^{A), if there is an Auslander-Reiten triangle X — ^ M F X[l], then it is 
unique up to isomorphism [5, Proposition 4.3, p. 33]. 

The first statement of the following lemma is essentially due to Happel (see [5, Theorem 4.6, p. 37]), here 
we shall modify the original proof to deal with Artin algebras. 

Lemma 2.3. Let A be an Artin algebra over a commutative Artin ring R. Then, for each indecomposable object 
P* in ^''(A-proj), there is an Auslander-Reiten triangle 

{vaP') [-\]^L'^P'^ VaP' 

in ^''(A). Furthermore, we have F{vaP')) ^VbF{P') in &'°{B). 

Proof. Note that there is an invertible natural transformation ap : DHomA(P, — ) — HomA(— jVa/') for each 
projective A-module P. This induces an invertible natural transformation of two functors from ^^{A) to /?-mod. 

ttp. :DHom^b(A)(P*,-) — >Uom^b(^A){-^'^AP')- 
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Recall that D = HomR(— ,7) with J an injective envelope of the /?-module /?/rad(/?). Let \|/ be a non-zero R- 
module homomorphism from End^^b (P* ) / rad (End^b {P* ) ) to /. We define ([) : End (P* ) — > J to be the 
composition of the canonical surjective homomorphism 

End5^b(^)(P') — > End^b(^)(P')/rad(End5,b(^)(P')) 

with ^if . Then (|) is non-zero and vanishes on rad(End^b(^) {P*))- Thus we have a distinguished triangle 

(v^P-)[-l] > L' . P- ^ v^P-, 

where L*[\] is the mapping cone of the map ttp. ((])). Clearly, this triangle satisfies the conditions (ARl) and 
(AR2). Let / : X* — > P* be a morphism which is not a split epimorphism. Then we have a commutative 
diagram 

DHom^b(^) (P',P') Hom^b(^)(P*,VAP') 



(/.,-) 



(/,-) 



DHom^b(^)(P*,X*) Hom^b(^)(X*,VAP'), 

where : Hom^^bj^) (P*,P*) — > Hom^b(^)(P*,X*) is induced by /. Since / is not a split epimorphism and P* 
is indecomposable, we find that, for each morphism g : P* — > X*, the composition gf is in rad(End^b(^) (^*))- 
By the definition of (|), we have (/*(])) (g) = ^{gf) = for all g G Homg^b(^)(P*,X*), that is, f^^ = 0. It follows 
that /ap. ((])) = ttp. (/*(])) = 0. This proves (AR3). 

Now, for the indecomposable object P* in ^''(A-proj), there is an Auslander-Reiten triangle 

(*) (vaP-)[-1]^L-^P-^VaP* 

in S!^{A). Since F{P') is in J(^^{B-pmj) and indecomposable, there is also an Auslander-Reiten triangle 

(vpP(P-))[-l] -^L" -^f{P')^VbF{P') 

in &^{B). Further, if we apply the functor F to (*), we get another Auslander-Reiten triangle 

P(vaP-)[-1] ^F{L-) ^P(P-) (vaP*) 

m ^""{B). By the uniqueness of the Auslander-Reiten triangle associated to the given complex F(P*), we see 
that VbP(P') is isomorphic to P(VaP') in ^^{B). m 

Finally, let us remark that, given a functor P : C — > ® , if we fix an object Fx in D for each object X in C such 
that Fx ^ F{X), then there is a functor F' : C 'D such that F' c^F and F'{X) = Fx for every X in C- Actually, 
let sx denote the isomorphism from Fx to F{X), and we define F\f) := sxF{f)sY^ for each f : X ^Y. Then 
this F' is a desired functor. 



3 Stable equivalences induced by derived equivalences 

In this section, we shall first construct a functor F : A-mod — > B-mod between the stable module categories of 
two Artin algebras A and B from a given derived equivalence F : Q)°(A) — > ^'^(B), and then give a sufficient 
condition to ensure that the functor F is an equivalence. In Section [51 we shall see a stronger conclusion when 
we work with finite-dimensional algebras instead of general Artin algebras. 

Let us first recall some notions and notations. Let A be an Artin algebra. The homotopy category (A-proj ) 
can be considered as a triangulated full subcategory of ^''(A). Let (A) /^''(A-proj) be the Verdier quotient of 
^''(A) by the subcategory J^i^'' (A-proj) (for the definition, we refer the reader to the excellent book [ill] ). Then 
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there is a canonical functor E' : A-mod — > ^^{A) /Jt^{A -proj) obtained by composing the natural embedding 
of A-mod into ^''(A) with the quotient functor from &^{A) to S'^{A) /^''(A-proj). Clearly, I'(P) is isomorphic 
to zero for each projective A-moduIe P, so £' factorizes through the natural functor A-mod — > A-mod. This 
gives rise to an additive functor £ : A-mod — > (A) /J^'' (A -proj). 

Rickard ifHl proved that £ is an equivalence provided that the algebra A is self-injective. But for an arbitrary 
algebra, this is no longer true in general; for instance, if A is a non-semisimple Artin algebra of finite global 
dimension, then the quotient category Ql° (A) j (A-'^m]) is zero, and therefore the functor £ is a zero functor 
which cannot be an equivalence. 

Let A and B be two Artin algebras. Suppose F : (A ) — > [B) is a derived equivalence between A and B. 
Then F induces an equivalence between the quotient categories i^'' (A) /J^'' (A -proj) and ^''(B)/J^''(B-proj). 
For simplicity, we denote this induced equivalence also by F . Thus, if A and B are self-injective, then A-mod and 
B-mod are equivalent. However, this is not true in general for arbitrary finite-dimensional algebras, namely we 
cannot get an equivalence of stable module categories from a given derived equivalence in general. Nevertheless, 
we may ask if there is any "good" functor F : A-mod — > g- mod induced by F , which could be a possible 
candidate for a stable equivalence under certain additional conditions, and would cover the most interesting 
known situations. 

In the following, we shall construct an additive functor F : A- mod — > g- mod from F such that the diagram 

A-mod ^''(A)/^''(A-proj) 

F 

g-mod ^''(g)/^''(g-proj) 



of additive functors is commutative up to natural isomorphisms. Furthermore, we shall construct a possible 
candidate for the inverse of F under an additional condition. 

From now on, A and B are Artin /^-algebras, F is a derived equivalence between A and B with the quasi- 
inverse G. Let Q* be a tilting complex over A associated to F of the following form: 

e*: — — 1 — -e° — -o 

such that all differentials are radical maps. By Lemma [ZTl there is a tilting complex Q* associated to G of the 
form 

e*: -2° -G" -0 

with all differentials being radical maps. We define Q = 0"^^ Q and Q = 0"^^ Q. 

Lemma 3.1. Let X he an A-module. Then F{X) is isomorphic in &^{B) to a radical complex of the following 
form 

— -e^ — -Gi — -ej — -0, 

with Q'^ € aAA{BQ) for all i = 1,2, •• • Moreover, the complex of this form is unique up to isomorphisms 
in ^^[B). In particular, ifX is projective, then Q\ is isomorphic in ^^[B) to a complex in add(2*). 

Proof. Let//' be the /-th homology functor on complexes. First of all, we have //'(/^(X)) ~ Homgjb(g)(g,/^(X)[ 
~ Homgjb(^)(2*,X[/]) = for all / > n and all / < 0, which means that F(X) has no homology in negative degrees 
and degrees larger than n. Clearly, we may assume that X is indecomposable. 

If X is projective, then X is isomorphic to a direct summand of A. Consequently, F{X) is isomorphic in 
&^{B) to a direct summand L* of the complex Q*. Since all terms of Q* in positive degrees are in add(e2)> all 
terms of L* in positive degrees are in add(52). This shows that for every projective A-module P, the complex 
F{P) is isomorphic in &^{B) to a complex with all of its terms of positive degrees in add(52). Now we show 
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that if P* is a complex in J^''(A-proj) with P' = for all / > 0, then F{P*) is isomorphic in S'^{B) to a complex 
in which all of its terms in positive degrees belong to add(B2). In fact, if P' has only one non-zero term, then we 
may write P' = P[t] for a projective A-module P and a non-negative integer t. In this case, F{P') is isomorphic 
to a direct summand of Q'[t] in which all terms in positive degrees are in add{BQ), as desired. Now, we assume 
that P* has at least two non-zero terms. Then there is an integer s <0 such that the brutal truncations o^gP* 
and o>sP* have less non-zero terms than P* does. By induction, the complexes F{a^sP*) and F{a>sP*) are 
respectively isomorphic to complexes Y' and Z* in ^''(A-proj), such that their terms in all positive degrees 
are in add(52). Since P* is the mapping cone of the map d'^^ from a<.sP' to o>sP*, the complex F{P*) is 
isomorphic to the mapping cone of a chain map from Y' to Z', and consequently all of its terms in positive 
degrees lie in SLdd^sQ)- 

Now, suppose that X is an arbitrary indecomposable A-module and P* = {P',d') is a minimal projective 
resolution of X. We denote by the ?i-th syzygy of X, and by P' the complex 

^ p-n+i ^ p-n+2 ^ . . . ^ pO ^ 0. 

Then we have a distinguished triangle in &^{A) 

or {X) [n-l] ^ PI ^ X {X) [n] . 

From this triangle one gets the following distinguished triangle in S'^{B): 

F{a"{X))[n - 1] ^ F{P',) . F(X) ^ FmX))[n]. 

The complex P' is in ^''(A-proj) and all the terms of P* in positive degrees are zero. Hence F {P' ) is isomorphic 
to a complex Q' in ^''(B-proj) with Q\ in add(B2) for all / > 0. Since Q."{X) is an A-module, the complex 
F{Q."{X)) has no homology in all degrees larger than n. Thus the complex F{D."{X)) is isomorphic in to 
a complex P* € (B-proj) with zero terms in all degrees larger than n. It follows that P* [« — 1] has zero terms 
in all degrees larger than 1. Hence F{X) is isomorphic to the mapping cone con(/7) of a map /u from P* — 1] 
to Q\, and all the terms of con(;u) in positive degrees are in add{BQ)- Note that F{X) has zero homology in all 
negative degrees and degrees larger than n. Thus con(^) has the same property. Hence con(^) is isomorphic in 
S'{B) to a radical complex 

— -ei — -Gi — -Q'k — -0 

with Q'^ e add(B0 for all / = 1,2, •• • ,n. 

Suppose U* and V* are two radical complexes of the form in Lemma [3?T] such that both U* and V* are 
isomorphic to F{X) in &^{B). Then U* and V* are isomorphic in .J^^{B) by Lemma [Z2l Since U* and V* are 
radical complexes, we know that U* and V* are isomorphic as complexes. 

If X is projective, then X G add(A) and F{X) G add(P(A)). Since F{A) ~ FG{Q*) ~ Q' in ^'"{B), we see 
that F{X) is isomorphic in ^"'(B-proj) to a complex Y* G add(2*). Thus Q\ is isomorphic in &^{B) to the 7*. 
Since F* is a complex with the properties in Lemma [3?T1 we have F* ~ 2J as complexes by the uniqueness of 

This shows that G add(2*). Thus Lemma [3?T] is proved. ■ 

Dually, we have the following lemma. 
Lemma 3.2. Let Y be a B-module. Then GiY) is isomorphic in ^^{A) to a radical complex Q* of the form 

^Qy" ^Qy' ^Qy -0 

with Qy^ G add{v aQ) for alli = 1,2, •• ■ ,n. Moreover, the complex Q* of this form is unique up to isomorphisms 
in <^^(A). 
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Remark. One can easily see that if X ~ 7 ©Z in A-mod, then the complex defined in Lemma [3?T] is 
isomorphic in "^^{B) to the direct sum of Q* and Q^. Similarly, ifU ~ V © in B-mod, then the complex 
defined in Lemma [X2l is isomorphic in "^^(A) to the direct sum of 2* and Q^. 

The next lemma is useful in our proofs. 

Lemma 3.3. Let A be an Artin algebra, and let f :X — > Y be a homomorphism between two A-modules X and 
Y. Suppose P* is a complex in ,J^^{A) with P' projective for all i > and injective for all i < 0. If f factorizes 
in Q)^{A) through P', then f factoriz.es through a projective A-module. 

Proof There is a distinguished triangle 

in ^''(A). Note that Homg^b(^)(a>iP*,y) ~ Hom^b(^)(a>iP',F) = 0. Thus, if f = gh for a morphism g : 
X — > P* and a morphism h : P* — > Y , then bh = 0, and consequently h factorizes through a, say h = ah' for 
h' : CJ<iP* — > Y. This means that / = gah' and factorizes through a<iP*. Thus we may assume P' = for all 
i > and consider the following distinguished triangle 

a<oP'[-l] po P' a<„P' 

in ^^^{A). Now, we suppose f = gh for g : X — > P* and h : P* — Y . Note that the complex a<oP* is in 
J^''(A-inj) by our assumption. Hence Hom^b(^)(X,a<oP*) ~ Hom^b(^)(X,a<oP*) = 0, and consequently 
gv = 0. This implies that g factorizes through P^, that is, g = g'u for a morphism g' : X — > P°. Since A-mod 
is fully embedded in i^''(A), the morphisms g' and uh are A-module homomorphisms, and therefore f = gh = 
g'{uh), which factorizes through the projective A-module P^. ■ 

Now we define the functor F . Pick an A-module X, by Lemma IXTl we know that F{X) is isomorphic in 
S>^{B) to a radical complex Q\ of the form 

-Gi -Q"x -0 

with 2^ € hAA{bQ) for all / = 1,2, • • • ,n. From now on, for each A-module X, we choose (once and for all) 
such a complex Q^. For each homomorphism / : X — > Y , we denote by / the image of / under the canonical 
surjective map from HomA(X,y) to Hom^ fX,^). 

Proposition 3.4. Let F : S>^{A) — > Si^{B) be a derived equivalence between Artin algebras A and B. Then 
there is an additive functor F : A-mod — > B-mod sending X to such that the following diagram of the 
additive functors 

A-mod ^''(A)/^''(A-proj) 

F 

B-mod ^''(B)/^''(B-proj) 
is commutative up to natural isomorphisms. 

Proof By the remark at the end of Section 2 and Lemma [3?T1 we may assume that F{X) is just Q\ for each 
A-module X, where Q*x is the complex that we have fixed above. Let denote the complex o>\Q*x- Then we 
have a distinguished triangle in &'°{B): 

Qi^F{X)^Ql^Q^x[^]. 
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For each homomorphism / : X — > Y of A-modules X and Y, there is a commutative diagram 



Fix) 



Q^y 



F{Y) 



ay 



am 



The map af exists because ixF{f)nY belongs to Hom^b(g)(2j,2y) ~ Hom^b(g)(2y = 0. Since B-mod 
is fully embedded in &{B), the morphism is a homomorphism of modules. If we have another A-module 
homomorphism b'^- such that Tixb'f = F(/)7iy, then %x{bf — b'j) = F{f)%Y —F{f)n¥ = and bf — b'j^ factorizes 
through 2;J[1]. By Lemma [331 the B-module homomorphism bf — b'^- factorizes through a projective B-module. 
Thus, for each A-module homomorphism / in YlomA{X,Y), the morphism ^/ in Homg(2^,2y) is uniquely 
determined by /. 

Suppose / : X — > Y and g : Y — > Z are two homomorphisms of A-modules, we can see that F{fg)%z = 
Hxbfg and F{fg)%z = T^x{bfbg). By the uniqueness of bfg, we have bfg = bf bg. 

Moreover, if X is a projective A-module, then F(X) ~ and Q\ G add(2*) by the proof of Lemma IXTl In 
particular, Q\ is projective. Thus, if / factorizes through a projective module P, say f = gh with g G Hom^ i^iP) 
and h G HomA {P,Y), then b / factorizes through a projective B-module since bf = bgj, = {bgj, — bgbh ) + bgbh and 
since both bgh — bgb/j and bgbf, factorize through projective B-modules. 

For each A-module X, we define F{X) = Q^. Note that is, up to isomorphisms, uniquely determined by 
X (see Lemma IXTI ). For each homomorphism / in Hom4(X,F), we set F{f) = bf. Then the above discussions 
show that F is well-defined on Hom-sets and that F is a functor from A-mod to B-mod. Note that F is additive 
since F is additive. 

To finish the proof of the lemma, it remains to show that Tlx '■ F{X) — > F{X) is a natural isomorphism in the 
quotient category ^''(S)/^''(B-proj). That the morphism Tlx is an isomorphism follows from the fact that 
is isomorphic to the zero object in &^{B)/ (B-proj ) . Clearly, %x is natural in X since we have a commutative 
diagram 

F{X) 



F(f) 

F{Y) 



tzy 



in the quotient category S'^{B)/ J(f^{B -pro}). 



It is appropriate to introduce a name for the functor F. Given a derived equivalence F, the functor F 
constructed in Proposition 13. 41 is called a stable functor of F throughout this paper. 

Proposition 3.5. If a.dd{AQ) = add(VA2), then there is an additive functor G : B-mod — > A- mod sending U to 
Qij such that the following diagram of the additive functors 



B-mod 

G 

A-mod 



^''(B)/^''(B-proj) 

G 

^''(A)/^''(A-proj) 



is commutative up to natural isomorphisms. 

Proof. The idea of the proof of Proposition I3.5l is similar to that of Proposition 
points of the construction of G. 



We just outline the key 
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For a B-module U , by Lemma |3^ G{U) is isomorphic in Si^{A) to a complex 2* such that Q^^ G add(vA2) 
for all / < and 2^ = for all j > 0. By the remark at the end of Section 2, we can assume that G{U) is just 
Q'lj. Let Qy denote the complex CT<o2^. We have a distinguished triangle in ^''(A): 



Qu[-n 



■Ql 



■G{U) 



Q 



u- 



Now if g :U — > y is a homomorphism of B-modules, then we have a commutative diagram 



G{U) - 

G{g) 

G{V) - 



Ql 



Qv 



The existence of Ug follows from the fact that the morphism 'kuG{g)yv belongs to Hom^b (^^^{Q^,Q^ 
Homj^b(^)(2y , 2y ) = 0. Since A-mod is fully embedded in ^(A), the map Ug can be chosen to be an A- 
module homomorphism. Moreover, if u'g : 



[ug — u' )Xv = and Ug — u' factorizes through 



* Qy is another morphism such that u'gky = '^uG{g), then 
- 1]. Since add (a 2) = add(vA2), all the terms of the complex 



Qy [—1] are projective-injective. By Lemma [331 the morphism Ug — u'g factorizes through a projective module. 
Thus, for each B-module homomorphism g, the morphism Ug in Hom^ Qy) is uniquely determined by g. 

As in the proof of Proposition [33J we can show that the composition of two morphisms is preserved, namely 
Ugh = UgUh_ for all g G Hom5(?7, V ) and all h G Womsiy^W). 

Moreover, if P is a projective B-module, then Q*p is isomorphic in i^"'(A) to a complex Q\ in add(2*). 
Since add(A2) = add(VA2), the complex Q\ is of the form in Lemma [l!2l By the uniqueness of Q*p, we have 
an isomorphism Q*p ~ Q\ in "^^(A). Hence Q^p ~ 2j and Q^p is a projective A-module. Thus, if g :U — V 



St fov s :U 



P and t : P — > V, then Ug = Us. 



UsUt) + UsUf factorizes through a projective A-module. This shows that the map g^ Ug\& well-defined. 



factorizes through a projective B-module P, that is, g 

(Ust 

Now, we define G{U) := for each B-module U and G{g) := Ug for each morphism g in B-mod. Note 
that Qij is, up to isomorphisms, uniquely determined by U (see Lemma 13.21) . Thus we obtain an additive 
functor G from B-mod to A-mod. Moreover, the map Xu is a natural isomorphism in the quotient category 
^''(A)/jr''(A-proj) since Qy is in jr''(A-proj). ■ 

Proposition 3.6. Suppose add{AQ) = add(vA2). Let F and G be the functors constructed in Proposition \3.4\ and 
Proposition \3. 51 respectively. Then the composition GF is naturally isomorphic to the identity functor lA-mod^ 
In particular, G is dense, and the restriction ofG to lm(F) is full. 

Proof. For each A-module X, we may assume that F{X) is the complex Q\ defined in Lemma |3?T] For 
each B-module U , we assume that G{U) is the complex Q*u defined in Lemma [331 We set = o>iQx and 
2j} = CJ<o2y. Then all the terms of Q^ are projective-injective since hAA{aQ) = add(vA2). By definition, 
we have F{X) = Q^ for each A-module X (see Proposition 13.41 ). and G{U) = Q^ for each S-module U (see 
Proposition 13.51 ). Thus, for each A-module X, there is a distinguished triangle 



Q+ ^ F{X) Fix) Qiil] 



in S>^{B), and a distinguished triangle 



Q 



■GF{X)—^GF{X) 



Q 



FX 
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in ^''(A). Applying G to the first triangle, we obtain the following commutative diagram in S'^{A) 



gqx 



Gix 



1x[ 



GF{X) 



Gnx 



GF{X) 



GF{X) 



GF{X) 



Gax 



ypx 



Q 



FX ■ 



The existence of r\x follows from the fact that G(tCx ) Yfx belongs to Hom^b (^) {GF {X ) , Qp^ ) ~ Hom (a) , Qpx ) 
~ Homj^b(A)(X, 2^^) = 0. Since GF is naturally isomorphic to the identity functor l^bj^), there is a natu- 
ral morphism Ex '■ X — > GF{X) in for each A-module X. Let 6x be the composition Zx^Xx- Then 
6x : X — > GF{X) is an A-module homomorphism since A-mod is fully embedded in i^"'(A). 

We claim that Qx is a natural map in A-mod. Indeed, for any A-module homomorphism f : X —fY,by the 
proof of Proposition [331 we have a homomorphism bf •.F{X) — > F(J) of B-modules such that Tixb f = F (/)7ly 
in Si^{B). By the proof of Proposition 13.51 there is a homomorphism ui,^ : G{F{X)) — > G{F(Y)) of A-modules 
such that UbfXpY = XpxG{bf) in ^^{A). Thus, we have in ^^{A): 



{QxUbf-fQY)')^, 



FY — {^Xf\xUbf — f^Yf\Y)^FY 

= {£x^xUbf-£xGF{f)y\Y)'>^FY 
= Exi'nxUbf'kfY - GF{f)r\YXpY) 
= Zx{^xy^FxG{bf) - GF{f)^Y'kpY) 
= Zx{G{%x)G{bf) - GF{f)G{%Y)) 
= Ex{G{nx)G{bf)-G{F{f)KY)) 
= Zx{G{%x)G{bf)-G{%xbf)) 
= 0. 



This implies that the map QxUhf — f^Y factorizes through 1]. It follows by Lemma [331 that Qxi^bf — f^Y 

factorizes through a projective module. Note that Ubf = FG{f). Thus QxFG{f) — /6y = in A-mod and 6^ is 
natural in X. 

To finish the proof, we have to show that Qx is an isomorphism in A-mod for each A-module X. Clearly, we 
can assume that X is an indecomposable non-projective A-module. Using the method similar to that in the proof 
of Lemma 13.11 we can prove that G{Q^) is isomorphic in ^''(A) to a radical complex Q\ in ^''(A-proj) with 
Q\ G add(A2) for all / < 0. Since both X and GF{X) have no homology in positive degrees, the complex 
has no homology in degrees greater than 1, and therefore Q\ = for all / > 1. Now we may form the following 
commutative diagram in &^{A): 



s 

Gm) 



Gix 



X 



Ex 



GF{X) 



Gnx 



GFX 



con((|)j 



GF{X) 



GF{X), 



ei[i] 

Gmm 



where s is an isomorphism from G{Q^) to Q\, and where (Sfx = sG{ix)^ ' is a chain map, and where X is 
induced by the canonical map X" from X to Q\®X defined by the mapping cone. Since Q\ is in add(A2) 
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for all / < and zero for all / > 1, the mapping cone con((])x) has terms in add{AQ) for all negative degrees 
and zero for all positive degrees. Note that add(^2) = add(vA2) and the A-module Q is projective-injective. 
Consequently, the terms of con((|)x) in all negative degrees are projective-injective. Note that G{F{X)) ~ Q'pf^-^^^ 
by our assumption. Thus, by definition (see Lemma [3^ . all terms of G^^^j in negative degrees are projective- 
injective. Moreover, both con((|)x) and G^^^j have zero terms in all positive degrees. By Lemma |2!2] (2). we 
have Hom^b(^)(con((|)x),2^jj^j) = Hom^^b(^)(con((|)x),2^(^^p. Since the two morphisms ex and s are both 
isomorphism in &^{A), the morphism t is also an isomorphism in &^{A). Hence t is an isomorphism from 
con((|)x) to Q'p^^s^ in J^^{A). Moreover, since X is indecomposable and non-projective, the complex con((|)x) 

is a radical complex. Thus, the chain map t is actually an isomorphism between con{(^x) and Q'p^ in 
and the morphism : (con((|)x))" = Q\ (BX — > Q^p^ in degree zero is an isomorphism of A-modules. From the 
above commutative diagram, we have Qx^fx — = in ^''(A). By Lemma |2!2] (2). we see that Qx^fx ~ 
nuU-homotopic in 'if'' (A). This means that Qx —^^t'^ factorizes through the projective A-module 2^^- Hence 
Qx = ^"t" is an isomorphism in A-mod since and both are isomorphisms in A-mod. ■ 

Remark. Without the condition add (a 2) = a.dd{v aQ) in Proposition 13. 5[ we can similarly define a functor 
G' : g- mod — > A-mod, as was done in Proposition 13.41 But the disadvantage of using G' is that we do not know 
any behavior of the composition of F with G'. 

We say that a derived equivalence F between Artin algebras A and B is almost v -stable if a.dd{AQ) = 
add(vA!2) and add(B(2) = add(vB(2). 

The following theorem shows that the almost v-stable condition is sufficient for F to be an equivalence. 

Theorem 3.7. Let A and B be two Artin R-algebras, and let F : ^^{A) — > Si^{B) be a derived equivalence. If 
F is almost v-stable, then the stable functor F is an equivalence. 

Proof. Since F is almost v-stable, we have add(A2) = add(vA2). By Proposition [3]6j we have GF ~ l^-mod- 
Since F is almost v-stable, we also have add(2) = add(v2). With a proof similar to that of Proposition 13. 6[ 
we can show that FG is naturally isomorphic to the identity functor l^.^od- Thus F and G are equivalences of 
categories. ■ 

Theorem 13.71 gives rise to a method of getting stable equivalences from derived equivalences. In Section |5l 
we shall prove that, for finite-dimensional algebras, one even can get a stable equivalence of Morita type, which 
has many pleasant properties (see IS, ifTSl . iTlQil and the references therein). 

In the following, we shall develop some properties of almost v-stable functors, which will be used in Section 

El 

Let aE be a direct sum of all those non-isomorphic indecomposable projective-injective A-modules X that 
have the property: v\X is again projective-injective for every / > 0. The A-module aE is unique up to isomor- 
phism, and it is called the maximal v-stable A-module. Similarly, we have a maximal v-stable B-module bE. 
The following result shows that an almost v-stable functor is closely related to the maximal v-stable modules. 

Proposition 3.8. The following are equivalent: 

(1) F is almost v-stable, that is, uddivAQ) = add(A2) and uddivsQ) = add(52). 

(2) aQ G add(A£) and bQ G add{BE). 

(3) aQ cmd VbQ are projective-injective. 

Proof. Clearly, we have (1) =^ (2) =^ (3). Now we show that (3) implies (1). Assume that a2 is injective. 
By Lemma [l!2l G{B) is isomorphic in &^{A) to a radical complex Q*^ = {Q'B,d') with Q'g in add{VAQ) for all 
/ < 0. In particular, Q'^ is projective-injective for all / < 0. Since G{B) ~ Q*, the complexes Q* and Qg are 
isomorphic in S'^{A). Since aQ is injective by assumption, all the terms of Q* in negative degrees are injective. 
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By Lemma f22[ the complexes Q* and Qg is isomorphic in J^^{A). Since both Q* and are radical, they 
are also isomorphic in '^^{A). In particular, we have Q' ~ Q'g for all / < 0, and therefore aQ '■= 0,-^-i Q' — 
0r^' J Q'g G add(vA2). Since aQ and VaQ has the same number of isomorphism classes of indecomposable 
direct summands, we have add(A2) = add(VA2)- Similarly, we have add(B2) = add(VB2). This proves (3) =^ 
(I).- 

Remark: From Lemma [3^ we can see that every derived equivalence between two self-injective Artin 
algebras is almost v-stable. Thus, we can re-obtain the result [il4l Corollary 2.2] of Rickard by Theorem 13.71 

Lemma 3.9. Suppose Q € Sidd(AE), and Q £ add(B£'). Then 

(1) for each P* in J^^{add(AE)), the complex F{P*) is isomorphic in &^{B) to a complex in ,J^^{a.dd{BE)). 
{2) for each P* in J(f'°{&dd{BE)), the complex G{P') is isomorphic in Q'°(A) to a complex in ^''(add(yi£')). 

Proof. (1) It suffices to show that, for each indecomposable A-module IJ in add(A£'), the complex F{IJ^ 
is isomorphic to a complex in ^''(add(e£)). Suppose IJ G add(A£'). By Lemma [3?T1 F{U^ is isomorphic in 
to a radical complex 2^: 

— ^Ql — -Q)j — -Qh — -0 

with € add(B2) for all / > 0. For simplicity, we assume that F(?7) is just Q\j. Since e add(B2) C add(B£') 
for / > 0, it remains to show that 2^ is in add(B£'). Clearly, 2^ is projective since U is projective. Note that 
we have an isomoiphism VbF{U) ~ F{vaU) in ^^^{B), that is, VbQu is isomorphic to Q*^u- Note that VbQ'u G 
add(vB2) for all / > and add(vB2) C add(5£) by the definition of bE. Thus VbQ'u projective-injective 
for all / > 0, and VbQi; and Q'^y are isomorphic in Jt^^{B) by Lemma |2!2l Since both VbQi; and Q*^y are 
radical complexes, VbQIj and Q'^y are actually isomorphic in '^^(B), and particularly we have VbG^j — GvaC/- 
Note that if U G a.dd{AE), then v'^U E add(£') for all / > by definition. Hence, for each integer m > 0, we 
have v^'(2^) ~ v^'"' (Qy^u) ^■■■^ 2v"'f/' ^nd therefore v^'(2^) is projective-injective. Thus 2'^ G add(B£) 
by definition. 

(2) is a dual statement of (1). ■ 

The following is a consequence of Lemma [l!9l 

Corollary 3.10. IfF is an almost v-stable derived equivalence between Artin algebras A and B, then there is a 
derived equivalence between the self-injective algebras EndA(£') and EndB(£). 

Proof. By Lemma [l!9l F induces an equivalence between J(f^ {ndd{AE)) and J^^''(add(5£')) as triangulated 
categories. Since J^''(add(A£')) and ^''(End(A£')-proj) are equivalent as triangulated categories, we obtain an 
equivalence between ^''(End(A£')-proj) and J^''(End(B£')-proj) as triangulated categories. By [13, Theorem 
6.4], the algebras EndA(£') and EndB(£) are derived-equivalent. Note that EndA(£') is self-injective.a 

Let us end this section by the following result which tells us how to get an almost v-stable derived equiva- 
lence from a tilting module. 

Let A be an Artin algebra. Recall that an A-module T is called a tilting module if 

( 1 ) the projective dimension of T is finite, 

(2) Ext^(r, r) = for all / > 0, and 

(3) there is an exact sequence — > A — > — > ■ ■ ■ — > T'" — > of A-mod with each T' in add^r). 

It is well-known that a tilting A-module aT induces a derived equivalence between A and EndA{T) (see IS 
Theorem 2.10, p. 109] and H Theorem 2.1]). 
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Proposition 3.11. Let A be an Artin algebra. Suppose aT is a tilting A-module with B = EndA{T). Let 

Q^Pn^Pn-l^ >P0^T^Q 

be a minimal projective resolution of ^T. Set P := 0"rj^;- /f add(yiP) = add(V/iP), then there is an almost 
v-stable derived equivalence between A and B. 

Proof: By |4. Theorem 2.1], the functor F' = aT - : &^{B) — > ^^{A) is a derived equivalence. Now 
we denote F'[—n] by F. Let P* be the complex 

A^P„_i ^ >Po^o 

with Pn in degree zero. Then we have F{B) = [aT [— «] = AT[—n\ ~ P* in ^^^{A). Let G be a quasi-inverse 
of F. Then G(P') ~ G{F{B)) ~ B in ^''(B), and therefore P* is a radical tilting complex associated to G. 

Since add(VAP) = add(AP), the module aP is projective-injective. Thus aP € add(Ar) and P, € add(Ar) for 
all < / < n — 1. We denote by T* the complex 

Pn-l ®P Pn-2^ >Po^T^O 

with T in degree zero. Then Hom*(r, 7*) is a complex in J^^''(B-proj), and 

F(Hom*(r,r)) = aT (^^Uoml{T,T')[-n] ~ O^Hom* (r,r*)[-?i] ~ r*[-?i] ~ P„ ep 

in &^{A). Since P* is a tilting complex over A, we have aA G add(P„ ©P). Thus there is a radical complex P* in 
^''(B-proj) such that P* G add(Hom' (P, P*)) and P(P*) ~ A in ^''(A). By definition, P* is a tilting complex 
associated to F. (For the unexplained notations appearing in this proof, we refer the reader to Section [5]below). 

We claim that F is almost v-stable. In fact, ©;l"_iP' is in add(HomA(P,P)), and ©"^jP' = ©"Jo P/ = P. 
Let aE (respectively, bE) be the maximal v-stable A-module (respectively, B-module). Then aP € add(A£'). 
Note that we have the following isomorphisms of B-modules: 

VBHomA(r,P) =DHomB(HomA(r,P),HomA(r,r)) ~DHomA(P,r) ~D(P*(8)Ar) ~HomA(r,VAP). 

Since add(AP) = add(vAP), we have add(VijHomA(r,P)) = add(HomA (r,P)), that is, HomA(r,P) G add(B£). 
It follows that ©,j"_i P' is in add(B£). By Proposition 13.81 the functor F is almost v-stable. ■ 

Remark: Let A be a self-injective Artin algebra, and let X be an A-module. By E Corollary 3.7], there is a 
derived equivalence between EndA (A © X) and EndA (A © Ha (X) ) induced by the almost add(A)-split sequence 
— > 0.a{X) ^ Px X ^ 0, where Px is a projective cover of X. By Proposition 13. Ill it is easy to check that 
this is an almost v-stable derived equivalence. Thus the algebras EndA (A ®X) and EndA (A © ^a{X)) are stably 
equivalent by Theorem 13.71 

4 Comparison of homological dimensions 

In this section, we shall deduce some basic homological properties of the functor F and compare homological 
dimensions of A with that of B. 

We make the following convention: From now on, throughout this paper, we keep our notations introduced 
in the previous sections. 

Recall that the finitistic dimension of an Artin algebra A, denoted by fin.dim(A), is defined to be the supre- 
mum of the projective dimensions of finitely generated A-modules of finite projective dimension. The finitistic 
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dimension conjecture states that fin.dim(A) should be finite for any Artin algebra A. Concerning the new ad- 
vances on this conjecture, we refer the reader to the recent paper 1 20] and the references therein. 

For an A-module X, we denote by pd(AX) the projective dimension of X, and by gl.dim(A) the global 
dimension of A, which is by definition the supremum of the projective dimensions of all finitely generated 
A-modules. Clearly, if gl.dim(A) < oo, then fin.dim(A) = gl.dim(A). 



Proposition 4.1. Let F be the stable functor ofF defined in Proposition \3.4\ Then: 

(1) For each exact sequence — > X — ^ Y Z — > in A-mod, there is an exact sequence 

> F{X) P®F{Y) F{Z) > 

in B-mod, where P G add(Be), F{f) = f and F{g) = g[. 

(2) For each A-module X, we have a B-module isomorphism: F(Q.a{X)) ~ D.b{F{X)) (BP, where P is a 
projective B-module, and D. is the syzygy operator. 

(3) For each A-module X, we have pd(BF(X)) < pA{aX) < ^A{bF{X)) -\-n. 

(4) IfF is an equivalence, then A and B have the same finitistic and global dimensions. 

Proof. For each A-module X, we may assume that F{X) is the complex Q\ defined in Lemma [3TT] 

f S h 

( 1 ) From the exact sequence — > X — > Y — > Z — > in A-mod we have a distinguished triangle in ^ (A ) : 

X — ^ Y — ^ Z — ^ X[\]- 
Applying the functor F, we get a distinguished triangle 

Qx ' Qy ' Qz ' QxW 

in &^{B). Moreover, by Lemma fL2[ the morphisms F{f) and F{g) are induced by chain maps p* and q*, 
respectively. So, we may assume that F{f) = p* and F{g) = q* . Let con(^*) be the mapping cone of the chain 
map q* . Then we have a commutative diagram in &^{B) 

ez[-i] — > Qx Q'y Qz 



con(^-)[-l] 



Qy 



Qz 



for some isomorphism s, where 7i* = (ti') with 7l' : 2y © 2y ' — > Qy the canonical projection for each integer 
/. By Lemma l2!2l the morphism s is induced by a chain map s*. By definition, con(s*) is the following complex 







Q'x 



V 
^0 



Q"z 



0, 



where s^ = [u,v] : Qx — > Qy © 2z' where the modules Q'^, Q'y and Q'^ are projective for / > 0. Since 
s is an isomorphism in &^{B), the mapping cone con(5*) of s* is an acyclic complex. Note that the map 
—d : Qy — > Qy is a radical map. Thus, dropping the split direct summands of the acycUc complex con(5*), we 
get an exact sequence 



P®Q> 



[h,cf 
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in B-mod, where P is a direct summand of Q]^, and where a and b are some homomorphisms of B-modules. It 
follows from p* — s'n* = that the morphism p* — s'n* is null-homotopic by Lemma [2!2l Therefore — 5*^ 
factorizes through Q]^, and = 5°. By setting /' = 5" and g' = we re- write (*) as 

> F{X) P(BF{Y) F(Z) y 

with P G add(B(2), = / and F{g) = This proves (1). 

(2) Let X be an A-module. We have an exact sequence — > ^a{X) — > Px — ^ X ^ in A-mod with Px 
projective. By (1), we get an exact sequence — F{Q.a{X)) — > P(BF{Px) — > F{X) — > in B-mod for 
some projective B-module P. By the definition of F, the B-module F{Px) is projective. Thus (2) follows. 

(3) The inequality pd(g/' (X)) < pd{AX) follows from (2). In fact, we may assume pd{AX) = m < 00. Then 
0.a{X) is projective. Therefore Q.'^F{X) is projective by (2), and pd(5F(X)) < m. 

For the second inequality in (3), we may assume pd(5F(X)) = m < 00. Let Y be an A-module. We claim that 

Exti(X,F) =.Hom^b(^)(X,F[/]) =.Hom^b(5)(F(X),F(F)[/]) =0 

for all i > m + n. Indeed, by Lemma [3TT1 the complex F{X) is isomorphic in S>^{B) to a complex with Q'^ 
being projective for all / > 0. Since pA{bQ\) = pA{bF{X)) = m, we see that is isomorphic in &^{B) to a com- 
plex P* in ^''(B-proj) with = for all k < —m. Note that P(F) is isomorphic to the complex Q* with 2y = 
for alU > «. Clearly, we have Hom^^b (g) (P (X ) , P (7 ) [/] ) ~ Hom^b (g) (P* , [/] ) = Hom^^b (g) (P* , Q'y [i] ) = for 
all i> m + n. Then the second inequality follows. 

(4) is a consequence of (2). In fact, suppose F is an equivalence. Then, for an A-module X and a positive 
integer m, the A-module D."^{X) is projective if and only if P(n^'(X)) is projective. By (2), F{Q."^{X)) is 
projective if and only if Q.'g{F{X)) is projective. It follows that pd{AX) < m if and only if pd(5p(X)) < m, and 
consequently pA{aX) = pd(gP(Z)) for arbitrary A-module X. Thus (4) follows. ■ 

Remark. Proposition 14.11 (3) can be regarded as an alternative proof of the fact that if two Artin algebras A 
and B are derived-equivalent then fin.dim(A) < 00 if and only if fin.dim(B) < 00. 

In Proposition 13.51 we have constructed a functor G : B-mod — > A- mod under the condition add (a 2) = 
add(VA2). This functor G has many properties similar to that of P. 

Proposition 4.2. Suppose add(^2) = add(vA2). Let G : B-mod — > A- mod be the functor defined in Proposition 
\3.5\ Then: 

— / g 

(1) For each exact sequence — > U — > V — > W — > in B-mod, there is an exact sequence 

> G{U) PeG(V) G{W) > 

in A-mod, where P e add(AG), G{f) = f and G{g) = g'. 

(2) For each B-module Y, we have G{D.b(Y)) ~ D.a{G{Y)) ©P in A-mod /or a projective A-module P. 

(3) For each B-module Y, we have pd{AG{Y)) < pd(BF). 

(4) If I is an injective B-module, then G{I) is an injective A-module. Moreover, G(D(B)) ~ VaQ^- 

Proof: (1), (2) and (3) are dual statements of Proposition 14. 1[ and their proofs will be omitted here. We 
only prove (4). Let / be an injective B-module. Then / = YgP for a projective B-module P. Since G{B) ~ Q*, 
we know that G(P) is isomorphic in =J^''(A-proj) to a radical complex Q* € add(2*). Thus the complex Q* 
defined in Lemma [l!2l is isomorphic to G{I) ~ VaG(P) — VaQ* by Lemma [231 Moreover, all the terms of 
V/i2* in negative degrees are in add{v aQ)- Thus, by Lemma 1X2] the complexes QJ and VaQ\ are isomorphic 
in ^*(A), and consequently G{I) = 2/ ^ VaQ? is injective. In particular, if we take P = bB and Q\ = Q*, then 
G(D(B)) = G(vbB)~VaG°." 
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Let X be an A-module, and let — > X — > /q — > I\ — > • • • be a minimal injective resolution of X with all 
Ij injective. The dominant dimension of X, denoted by dom.dim(X), is defined to be 

dom.dim(X) := sup{m | /,• is projective for all < / < m — 1}. 

The dominant dimension of the algebra A, denoted by dom.dim(A), is defined to be the dominant dimension 
of the module aA. Concerning the dominant dimension of an Artin algebra, there is a conjecture, namely 
the Nakayama conjecture, which states that an Artin algebra with infinite dominant dimension should be self- 
injective. It is well-known that the finitistic dimension conjecture implies the Nakayama conjecture. 

Usually, a derived equivalence does not preserve the usual homological dimensions of an algebra. How- 
ever, under the condition hAA{aQ) = add(VA2), we have the following inequalities about these homological 
dimensions. 

Corollary 4.3. LetF : &^{A) — > &^{B) be a derived equivalence between Artin algebras A and B. /jfadd(A2) = 
add(vA2), then 

(1) fin.dim(A) < fin.dim(B), 

(2) gl.dim(A) < gl.dim(B), 

(3) dom.dim(A) > dom.dim(B). 

Proof. (1) For each A-module X, we have pA{aX) = pA{aGF {X)) by Proposition 13.61 According to 
Proposition 14.21 3). we have ^A{aGF {X)) < pA{bF{X)). By Proposition 14.11 3). we have another inequal- 
ity pA{bF{X)) < pd(AX). Thus pA{aX) = pA{bF{X)). This imphes that gl.dim(A) < gl.dim(B). Moreover, 
if pA{aX) < °°, we have pA{aX) = pA{bF{X)) < fin.dim(B). Hence fin.dim(A) < fin.dim(B). This proves 
{\)and{2). 

(3) Suppose dom.dim(B) = m. Let — y bB — > Iq — > h — > ■■■ be a minimal injective resolution of bB. 
Then, by definition, the injective B-modules Iq,-- - ,Im-i all are projective. By Proposition 14.21 1). we get an 
exact sequence 

O^A!2°^^o®G(/o)^AeG(/i) 
with Pi G add(A2). From this sequence we get another exact sequence 

^ aG" e aG ^ e G(/o) (BaQ^Pi® Gih) ^ • ■ • . 

Since add(A2) = add(vA2) and is injective for all / by Proposition |42j the A-modules Pi(BG{Ii) is injective 
for all /. Thus, the above exact sequence actually gives an injective resolution of aQ^ (BaQ- Set/p := PoQ)G{Io) ® 
aQ and // := Pj © G{Ii) for / > 0. Since /, is projective for all i <m — 1, we see that G{Ii) is projective for all 
< J < m — 1, and consequently // is projective for all < / < m — 1. Hence dom.dim(A2 ©aG") > >n. Moreover, 
since Q' is a tilting complex, we have aA G add(0,-2'), that is, aA G slAA{aQ(B aQ^)- Hence dom.dim(A) > 
m = dom.dim(B). ■ 

5 Stable equivalences of Morita type induced by derived equivalences 

In this section, we shall prove that an almost v-stable derived functor F between two finite-dimensional alge- 
bras actually induces a stable equivalence of Morita type. Our result in this section generalizes a well-known 
result of Rickard [15, Corollary 5.5], which states that, for finite-dimensional self-injective algebras, a derived 
equivalence induces a stable equivalence of Morita type. 

Throughout this section, we keep the notations introduced in Section [3] and consider exclusively finite- 
dimensional algebras over a field k. 

Let A be an algebra. By (A) (respectively, (A)) we denote the full subcategory of ^(A) consisting of 
all complexes bounded below (respectively, bounded above). Analogously, one has the corresponding homotopy 
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categories J^^+(A) and J^~(A) as well as the corresponding derived categories &^{A) and ^~(A). Recall 
that the category S>^{A) is equivalent to the category ^^(A-proj), and the category ^+(A) is equivalent 
to the category ^+(A-inj) (see [VI , Theorem 10.4.8, p. 388], for example). Thus, for each complex U* in 
^^(A) (respectively, ^+(A)), we can find a complex G ^^(A-proj) (respectively, 7^ e ^+(A-inj)) that is 
isomorphic to ?7* in &{A). 

Now, let X* be a complex in ^^(A°p) and Y* a complex in &^{A). By X* <^\Y* we mean the total complex 
of the double complex with (/, 7)-term X' ®a and by X* ®\ Y* the complex X* (E>\Py- Up to isomorphisms 
of complexes, X* 0\Y* does not depend on the choice of P*. It is known that X* — is a functor from 
^"(A) to &^{k), and is called the left derived functor of X* : J^^{A) — > J(^^{k). Note that if we 
choose € ^^(A^P) such that PJJ ~ X* in ^(A°p) then there is a natural isomorphism between X* (8)^Py and 
P| 0;;^7* in &{k) (see [TL Exercise 10.6.1, p.395]). Thus X* ®\Y* can be calculated by P| (»• FV 

Let Z* and be two complexes in ^+(A). By Hom^(X',X2 ) we denote the total complex of the dou- 
ble complex with (/, j)-term HomA(Xf Choose I^^ £ jr+(A-inj) with I^^ ~ X' in ^(A). We define 
RHomA(Xf,X2*) = Uoml{X',I^^). It is known that RHomA(Xf,-) : ^+(A) — > ^+{k) is a functor. This 
functor is called the right derived functor of Hom^(X*,— ) : J^^{A) — > .y(f^{k). Note that if we choose 
Py, G ^"(A-proj) with P^^ ~ Xf in ^(A) then the complexes Hom^(Px, ,X2') and Hom^(Xj*,/yJ are nat- 
urally isomorphic in Si{k) (see lUTl Exercise 10.7.1, p.400]). Thus RHomA(X*,X2) can be calculated by 
Hom;(P|,,X2-). 

Suppose Ai and A2 are two algebras. Let T* be a tilting complex over A,- with F,- = End^b^A,) (7^*) for / = 1 , 2. 
By a result |[T5l Theorem 3.1] of Rickard, T* (g)* T* is a tilting complex over Ai ®k^2, and the endomorphism 
algebra of T* (g)* T* is canonically isomorphic to Fi <^k'^2- Thus the tensor algebras Ai (8>/t A2 and Fi (8>/tF2 are 
derived-equivalent. 

Recall that Q* is a tilting complex over A with the endomorphism algebra B. By U3, Proposition 9.1], 
Hom' (2*,A) is a tilting complex over A°p with the endomorphism algebra B°p. Also, Q* is a tilting complex over 
B with the endomorphism A, and therefore Homg(2',B) is a tilting complex over B°p with the endomorphism 
algebra A. Thus, by taking tensor products, we get four derived-equivalent algebras A (8)ytA°P, A <SikB°^, B ®kB°^, 
and B(g)^:A°P. The following table, taken from L15J . describes the corresponding objects in various equivalent 
derived categories. 





S!^{A®kB°'^) 


^''(B(8)|.B°P) 


&^{B(g)kA"P) 


!2*0^Hom*(G',A) 

^A0;Hom^(!2*,A) 


e*0;Hom^((2*,B) 

Q' ®IBb 

aA (g)kBB 
AA^lUoml{Q',B) 
&' 


eB^;Hom^((2*,B) 

BB®kBB 

Q' (^lUomB{Q',B) 
bBb 


BB(E)kAA 
BB®*Hom;(e*,A) 
(2*0^Hom*(e*,A) 

(2* ®*Aa 

A* 



Table 1 



By Table 1, one can easily find the corresponding objects in the above four equivalent derived categories. For 
instance, we consider the derived equivalence F : ^''(A(g),tA°P) — > ^"'(B(g)j:A°P) induced by the tilting complex 
Q'(^IAa. Table 1 shows that P sends Q* (g)*AA to bB^^Aa, Q' ®*Hom*(2*,A) to BB0*Hom*(e*,A), ^A®* 
Hom* (2*,A) to Q* (8)* Aa, and aAa to A*. The following lemma collects some properties of these complexes 

m. 

Lemma 5.1. Let A* and 0* be the complexes defined in Table 1. We have the following. 

(1) A* 0^0. ^ j^Bb in &^{B^kB°P). 

(2) 0* ^^A* ~ aAa in ^''(A®M°p)- 
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(3) The functor A* (g)J - : S'^{A) — > S!^{B) is a derived equivalence and A* ®\X' ~ F{X') for all X* e 

(4) The functor 0* - : &^{B) — > &^{A) is a derived equivalence with 0* ®\ U' ~ G{U*) for all 

(5) 0* ~ RHomB(A*,B) in ^''(A0iB°P). 

(6) A* is isomorphic to Q* when considered as an object in S>^{B) and to HomA(2*,A) when considered as 
an object in S!^{A°^). 

(7) 0* is isomorphic to Q* when considered as an object in &^{A) and to HomB(Q*,B) when considered as 
an object in ^''(B°p). 

Proof. The statements (l)-(5) follow from |[T5l Theorem 3.3, Proposition 4.1] and the remarks after ifTSl 
Definition 4.2]. The statements (6) and (7) are taken from |[T5l Proposition 3.1]. ■ 

Note that it is an open question in ifTSl whether the two functors F and A* ®\ — are naturally isomorphic, 
although they have isomorphic images on each object by Lemma l5T]T 3). 

Recall that a complex T* in &^{A ®kB°'^) is called a two-sided tilting complex over A (E)kB°^ if there is a 
complex f in such that T* 0^ f ~ aAa in &^{A 0^"^) and f 0^ ^ in ^^{B i^kB""^). 

In this case, the complex T* is called an inverse of T*. From Lemma [5TT] we see that A* and 0* defined in Table 
1 are mutually inverse two-sided tilting complexes over A 0k and S(g)<.A°P, respectively. 

The following lemma, which is crucial in our later proofs, describes some properties of the terms of the 
two-sided tilting complex A* in Table 1 . 

Lemma 5.2. The two-sided tilting complex A* is isomorphic in ^''(B(X'/tA°P) to a radical complex 

— > A° — — > ... — >A" — >0 

with A' £ add(B2 ®k Q*a) for all i > 0. 

Proof Thanks to Table 1, there is a derived equivalence F : ^^{A (g)^:A°P) — > ^''(S(gi^A°P). Moreover, the 
complexes Q* (g)* A^ and Q* (g)* A^ are the associated tilting complexes to F and its quasi-inverse, respectively. 
Note that the two complexes are radical and have the shape as assumed in Section [3] By Table 1, the two-sided 
tilting complex A* over B®kA°^ is isomorphic in ^^^{B®kA°^) to F{aAa), and therefore, by Lemma IXTl the 
complex A* is isomorphic in &^{B (8>i:A°P) to a radical complex R*: 

— — — > >R" — >0 

with R' G add(B2 (^uAa) for all / > 0. 

Similarly, by Table 1, there is a derived equivalence F : S!^{B®kB°'^) — > ^"'(B®^A°p) induced by the tilting 
complex bB (g)* Homg(2*,B) over B(giicB°^. From Table 1, we know that the complex 0* Hom* (2*,A) is 
a tilting complex associated to the quasi-inverse of F. Moreover, it follows from Table 1 that F{bSb) — A* in 
S^^{Bi^kA°^). By Lemma [37T1 F{bBb) is isomorphic in &^{B^kA°'^) to a radical complex S*: 

— >^ — >S^ — > yS" — ^ 0, 

with S' G add(BB ®k Q*a) for all / > 0. Thus both R' and S' are isomorphic to A* in S^^{B®kA°'^). By LemmaO 
the complexes R* and S* are isomorphic in the homotopy category J^^{B A°p). Since R* and S* are radical 
complexes, they are isomorphic in ^*(B(S)<;A°p). In particular, R' ~ S' as B-A-bimodules for all /. Thus, for each 
/ > 0, the bimodule R' hes in both add(BB Qa) ^^d add{BQ (Xii Aa). As a result, we have R' G add(B2 Qa) 
for all / > 0. ■ 

Using Lemma ls!2l we now prove the following main result in this section. 
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Theorem 5.3. Let A and B be two finite-dimensional algebras over afield k, and let F : S'^{A) — > &^{B) be a 
derived equivalence. IfF is almost v-stable, then there is a stable equivalence (|) : A- mod — > B- mod ofMorita 
type such that (j)(X) ~ F{X)for any A-module X, where F is defined in Proposition \3.4\ 

Proof. First, we show that A may be assumed to be indecomposable. In fact, if A = A i x A2 is a product of two 
algebras A,, then the complex Q' associated to F has a decomposition Q* = Q'(B 2* ^^^^ "^^at Q' € Ji^^ (A 1 -proj ) 
and Ql G ^''(A 2-proj). Correspondingly, the algebra B, which is isomorphic to the endomorphism algebra 
of Q*, is a product of two algebras, say B = B\ x B2, such that ~ End^b(^ for / = 1,2. Thus the 
derived equivalence F : &^{A) — > S!^{B) induces two derived equivalences Ft : &^{Ai) — > &^{Bi) for / = 1,2. 
Moreover, for each /, the complex Q* is a tilting complex associated to Fj, and the tilting complex associated to 
the quasi-inverse of 7^- is isomorphic to /^■(A,) ~ F{Ai) which is a direct summand of Q*. Thus, if F is almost 
v-stable, then Fi is almost v-stable for / = 1,2. Furthermore, if A, and B, are stably equivalent of Morita type 
for / = 1,2, then Ai x A2 and Si x B2 are stably equivalent of Morita type. Thus, we may assume that A is 
indecomposable. 

Since derived equivalence preserves the semisimplicity of algebras, we know that A is semi-simple if and 
only if B is semisimple. Hence we can further assume that A is non-semisimple. Now, let A be non-semisimple 
and indecomposable. Then B is also non-semisimple and indecomposable. 

Let A* be the complex in Table 1. By Lemma ls!2l the complex A* is isomorphic in S>^{B ^kA°^) to a radical 
complex 

— ^ A° — ^ A' — > — ^ 0, 

with A' in add(B2 <^k Q*a) for all / > 0. For simplicity, we assume that A* is the above complex. By Lemma [5?T] 
(6), the complex Q* is isomorphic to A* in &^{B), and therefore in J(f^{B) by Lemma l2!2l l). Thus there 
is a chain map a : 2* ^ A* such that the mapping cone con(a) is acyclic. Since the terms of con(a) in 
positive degrees are all projective, the acyclic complex con(a) splits. This means that gA" is a projective B- 
module. Thus all terms of A* are projective as left B-modules. Similarly, by the fact that A* is isomorphic 
to HomA(2*,A) in Si^{A°'p), we infer that A^ is a projective right A-module and that all the terms of A* are 
projective as right A-modules. Consequently, the complex RHom5(A*,B) is isomorphic in &^{A<^kB°^) to the 
complex Homg (A* , B) : 

^HomB(A",B) ^ ^HomB(A\B) ^HomB(A°,B) ^ 0. 

Since A' G &AA{bQ ®k 0.%) for positive /, we find that the A-B-bimodule Hom5(A',B) is in add(HomB(B2 
Q\,B)) for each positive integer /. Recall that there is a natural isomorphism 

\iomB{BQ®kQl,B) c^\AQ®kQ* ■ 

Since add(A2) = add(V/i2), the term HomB(A',B) is in add(2 (g) Q*) for all / > 0. As to HomB(BA° we can 
use Lemma [5TT] (7) and similarly prove that HomB(BA^,B) is projective as a one-sided module on both sides. 

Next, we show that A'' and Homg (A'', B) define a stable equivalence of Morita type between A and B. In- 
deed, by Lemma [5?T] (5). the two-sided tilting complex 0* defined in Table 1 is isomorphic in &^{A®]iB°^) to 
RHomB(A*,B), and the latter is isomorphic in S>^{A®kB°^) to Homg(A*,B). For simplicity, we assume that 
0* equals Hom5(A*,B). Since all the terms of A* are projective as right A-modules, the complex A* ®\ 0* is 
isomorphic in Si'°{B ®i5°P) to the complex A* 0* 0V The m-th term of A* ®\ 0* is 

{h^®A&)= (A'0AHom5(A-^B)). 

i+j=m i+ j=m 

Let aE be the maximal v-stable A-module, and let bE be the maximal v-stable B-module (see Section |3]l. Since 
add(A2) = add(vAG) and add{BQ) = add(vB2), we have aQ € add(A£') and bQ € add(B£). By Lemma [511 
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(3) and Lemma f3M the complex A* is isomorphic in S'^{B) to a complex in J^''(add(B£)). Since A' € 
add(B2 Qa) for / > 0, the i-th term A' <Sa E of A* (g)* E is in add(B2) C add(B£) for all / > 0. It follows that 
a" ®aE is in add(B£'), and therefore 

£■* (g,^ ©0 = £■* 0^ HomB(A°,B) ~ HomB(A° (g)A£,B) G add(£*). 

Note that, for each />0, we have A' G add(e(g)<: Q*) C add(£ and 0"' = HomB(A',B) G Sidd{Q(gikQ*) C 

a.dd{E ®kE*). Thus, it is not hard to see that A' 0a is in a.dd{E ®kE*) for all / and j with i + jj^ 0. This means 
that all terms in non-zero degrees of A* 0* 0* are in add(£' ^^E*). For the term in degree of A* ®* 0*, except 
A° (g)A 0° , all of its other direct summands are in add {E <^kE* <^aE ®kE*) which is contained in add {E<^kE*). 
Note that all the bimodules in add(5£' 0k Eg) are projective-injective. 

Now, we have A* (g)' 0* ~ bBb in &'°{B (S)kB°'^) by Lemma 1511 (1). Thus the complex A* 0\ 0* has zero 
homology and projective-injective terms in all non-zero degrees, and therefore it splits and is isomoiphic to 
bBb in the homotopy category J(f^{B 0^^°^)- Since B is indecomposable and non-semisimple, the bimodule 
bBb is indecomposable and non-projective, and therefore it is a direct summand of A° 0a ®^ ■ It follows that 
a" 0a 0" — B^B ®U for a projective-injective B-B-bimodule U . Similarly, we have 0° CSb A" ~ a^a © V for a 
projective-injective A-A -bimodule V . Hence A and B are stably equivalent of Morita type. 

Let (|) : A - mod — > B-mod be the stable equivalence induced by A" 0a —■ It follows from Lemma l5?T] (3) and 
Lemma [3TT] that <^{X) ~ F{X) in B-mod for all A-modules X. m 

Let A be an algebra. An A-module M is called a generator-cogenerator for A-mod if A ©D(A) G add(M). 
The representation dimension of A, denoted by rep. dim (A), is defined to be 

rep.dim(A) := inf{gl.dim(EndA(M)) | M is a generator-cogenerator for A-mod}. 

This notion was introduced by Auslander in [1] to measure homologically how far an algebra is from being 
representation-finite, and has been studied by many authors in recent years (see [16] and the references therein). 

The following result is a consequence of Theorem 15.31 since stable equivalences of Morita type preserve 
representation dimensions ifTSll . 

Corollary 5.4. IfF is an almost v-stable derived functor between A and B, then A and B have the same repre- 
sentation and dominant dimensions. 

As another consequence of Theorem 15.31 we re-obtain the following result of Rickard lfT4]| since every 
derived equivalence between self-injective algebras is almost v-stable by Proposition 13.81 

Corollary 5.5. Let A and B be finite-dimensional self-injective algebras. If A and B are derived-equivalent, then 
they are stably equivalent of Morita type. 

Remark: (1) Let A be a finite dimensional self-injective algebra and X be an A-module. By the remark at 
the end of Section [3l there is a derived equivalence between the algebras EndA(A ®X) and EndA(A ©n(X)) 
satisfying the almost v-stable condition. Thus, we have an alternative proof of the result [10, Corollary 1.2] of 
Liu and Xi by applying Theorem [53] 

(2) Theorem 15. 3 1 may be false if only one of the two equalities of the almost v-stable condition is satisfied. 
For a counterexample, we refer the reader to Example 2 in Section |7] 

6 Inductive constructions of almost v-stable derived equivalences 

In this section, we shall give several inductive constructions of almost v-stable derived equivalences. As a con- 
sequence, one can produce a lot of (usually not self-injective) finite-dimensional algebras that are both derived- 
equivalent and stably equivalent of Morita type. 

In this section, we keep the notations introduced in Section[3] Our first inductive construction is the following 
proposition. 
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Proposition 6.1. Suppose that F is an almost y -stable derived equivalence between finite-dimensional algebras 
A and B over a field k. Let F be the stable fimctor of F defined in Proposition \3.4\ and let X be an A-module. 
Then there is an almost v-stable derived equivalence between the endomorphism algebras End^(A ©X) and 
EndB(B©f (X)). 

Proof. We keep the notations in the proof of Theorem [53] By the last part of the proof of Theorem [531 the 
two-sided tilting complexes A* and 0* have the properties: A* (g)' 0* ~ bBb in J(f^{B®kB°^) and 0* (g)^ A* ~ 
aAa in ^^{A (8)j-A°P). It follows that the functor (A* (g)* 0') ®g — is naturally isomorphic to the identity functor 
1 ^b(5), and (0* (8)5 A*) (g)* — is naturally isomorphic to the identity functor 1 ^b(^). Thus A* ®\ — and 0* (gg — 
induce mutually inverse equivalences between .y(f^{A) and J(f^{B). Now we prove that the restrictions of these 
two functors to jr\add(A©X)) and to J(r'° {aAA{B ® F {X))) are also mutually inverse equivalences for each 
A-module X. 

In fact, the complex A* (g)* X is of the following form 

^A°®A^ ^A^®aX ^ ^A"(g)A^ ^0. 

Since A' is a projective bimodule for all / > 0, the term A' (g^ ^ is a projective B-module for all / > 0. Moreover, 
by Theorem |5.3[ we have A° (g^X ~ F(X) in g- mod , and therefore A" gj^X is a direct summand of F{X)®P 
for some projective B-module P. Hence the complex A* (g* X is in ^''(add(B©F(X))). Note that, for each 
projective A-module Pi, the complex A* (g* Pi is in add(2*). Thus, for each complexZ* in =J^''(add(A©X)), the 
complex A* ®\X* is in jr''(add(B©P'(X))). Similarly, the functor 0* (g>^ - takes complexes in ^''(add(B© 
F{X))) to complexes in J^''(add(A ©X)). Thus A* (g)* — and 0* ©^ — induce mutually inverse equivalences 
between the triangulated categories jr''(add(A ©X)) and ^''(add(B©P(X))). 

Let A = EndA (A © X ) and T = End^ (B © P (X ) ) . Then (A-proj ) and JT (F-proj ) are canonically equiv- 
alent to jr''(add(A©X)) and ^''(add(P © P(X))), respectively. By |13, Theorem 6.4], there is a derived 
equivalence P between A and T. Moreover, the tilting complexes associated to P and its quasi-inverse are 
Hom* (A ©X, 2* © (0* ©bP(X))) and Yioml{B®F{X),Q* © (A* ©* X)), respectively. By the proof of Theo- 
rem[531 the /-th term 0' of 0* is in add(e ®k Q*) for all / < 0. Hence 0' ©eP(X) is in add(2) for all / < 0, and 
all the terms in negative degrees of Hom* (A ©X, Q' © (0* ©gP(X))) are in add(HomA(A ©X, Q)). Similarly, 
all the terms in positive degrees of Homg(P ©P(X), 2* © (A* ©* X)) are in add(HomB(P ©P(X), g). Note that 
we have the following isomorphisms 

Va (HomA (A © X , 2) ) = DHomA (HomA (A © X , 2) , HomA (A © X , A © X ) ) 
~DHomA(e,A©X) 
~ D(HomA(e,A) ©A (A ©X)) 
~HomA(A©X,D(HomA(!2,A))) 
= HomA(A©X,VAG). 

Since add(A2) = add(vAG), we have add(HomA(A ©X, g)) = add(vA(HomA(A ©X, 2))). Similarly, we have 
add(HomB(P©P(X),2)) = add(vr(HomB(B©P(X),2))). This shows that the derived equivalence between 
A and T induced by the tilting complex Hom* (A ©X, Q' © (0* (g)gP(X))) is almost v-stable. ■ 

Our next construction uses tensor products. 

Proposition 6.2. Let k be afield. Suppose F is an almost v-stable derived equivalence between finite-dimensional 
k-algebras A and B. Then, for each finite-dimensional self-injective k-algebra C, there is an almost v-stable de- 
rived equivalence between the tensor algebras A ©i- C°P and Bf^ik 
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Proof. By fT5^, Theorem 2.1], F induces a derived equivalence F between A ®kC°^ and B ^kC°^. Suppose 
Q* and Q* be the associated tilting complexes of F and its quasi-inverse, respectively. From Table 1 we know 
that Q* (g)* Cc and Q* (g)* Cc are the associated tilting complexes of F and its quasi-inverse, respectively. Now 
we have the following isomorphisms: 

VA®tC°p (aQ Cc) = DHomAgj;iC°p {aQ Cc,aA Cc) 

~ D(HomA(Ae,AA)(giHomcop(Cc,Cc)) 

~ DUomA{AQ,AA)(^kDUomcop{Cc,Cc) 

^ yAQ^k^c^^Cc 

— ^AQ^kCc (because C is self-injective). 

Since F is almost v-stable, we have add(2) = add(vA2) and a.dd{vA0^c°f {aQ ®kCc)) = ^dd{AQ(>^kCc)- Simi- 
larly, we have a.dd{vB0kC°f{BQ^kCc)) = a.dd{BQ(E>kCc)- Hence F is almost v-stable and the proof is completed. 
■ 

Let A be a finite-dimensional algebra over a field k, and let X be an A-module. The one-point extension of 
A by X, denoted by A[X], is the triangular matrix algebra ^ ^ . The natural projection A[X] — > A shows that 

A is a quotient algebra of A[X], and that A-mod can be viewed as a full subcategory of A [X] -mod. Let X denote 
the A[X]-module ^ . Then, for each A-module M, we have HomA[x] {M,X) ~ HomA (M,X). 

Our third construction of an almost v-stable derived equivalence is given by one-point extensions. 

Proposition 6.3. Let k be field. Suppose F is an almost v-stable derived equivalence between finite-dimensional 
k-algebras A and B. IfX is an A-module such that F{X) is isomorphic in &^{0B) to a B-module Y, then there 
is an almost v-stable derived equivalence between the one-point extensions A[X] and B[Y]. 

Proof. Let G be a quasi-inverse of F. Recall that Q* and Q' denote the radical tilting complexes associated to 
F and G, respectively. Then Q* can be viewed as a complex in je^{A[X] -proj). By a result of Barot and Lenzing 
El . the complex 2* ©X is a tilting complex over A[X] such that its endomorphism algebra is isomorphic to 
B[Y], where X is regarded as a complex concentrated only on degree zero. Moreover, 2* ©F is a tilting complex 
associated to the quasi-inverse of the derived equivalence induced by Q* ©X. Recall that Q is the direct sum of 
all the terms of Q* in negative degrees. Then add(vA2) = add(A2) by assumption. Since the direct sum of all 
terms in negative degrees of 2* ©X equals Q, we have to show that add(VA[x]2) = add (a [x] 2)- 

Since F{X) is isomorphic in &^{B) to the B-module Y, we have Hom(2*,X[/]) = for all / 7^ 0. Then 
there is a unique maximal submodule L of X with respect to the property HomA (2, L) = 0. This shows that 
= Hom5^b(A)(2',X[/]) ~ Hom^b(A)(2*, (X/L)[/]) for all integers / > 0. If X/L 7^ 0, then HomA(2,soc(X/L)) 
7^ by the definition of L. This implies that Homg^b(A)(2*, {X/L)\i]) ^ for some / > 0, a contradiction. Thus 
X/L = 0, HomA(2,X) = 0, and HomA[x](2,^) = 0- Consequently, 

VA[x]Q = DUomA[x]iQ,A[X])^DUomA[x]iQ,A(BX)=DUomA[x]{Q,A) -^aQ- 
Hence add(VA[x](2)) = add(A[x]2)- Similarly, we have &dd{y b\^y]Q) = add(5[y]2). This finishes the proof. ■ 



7 Examples and questions 

In the following, we shall illustrate our results with examples. 

Example 1: Let A and B be finite-dimensional k algebras given by quiver with relations in Fig. 1 and Fig. 2, 
respectively. 
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a^ya = pyap = ya^y = 



Fie. 1 



1 P 2 S 3 

aY=5p = 
apa = 878 = pa - 78 = 0. 

Fig. 2 



LetPA(')' ^a(0 and 5'a(/) denote the indecomposable projective, injective and simple A-modules corresponding 
to the vertex /, respectively. We take a non-zero homomorphism f : Pa{2) ^ Pa{1). Then there is a tilting 
complex of A-modules 

Q': -PA(2)ePA(2)ePA(3)— ^4(1) 0. 



The endomoiphism algebra of Q* is isomorphic to B. Let F : ^^^{A) &^{B) be a derived equivalence with 
Q* as its associated tilting complex. Clearly, F is almost v-stable since A and B are symmetric algebras. By ||6l 
Proposition 7.3], there is a derived equivalence F\ between A = A/(apY) and B = B/(aP) with inverse G\ such 
that the associated tilting complexes over A and over B are 







■ P^(2) 0^4(2) 0^4(3) Pa{1)/^ocPa{1) 



0, 







■Pb(1)/socPb(1) 



■Ps{2)®Pb{2)®Ps{?>) 



0, 



Q\ 

respectively. Clearly, the two complexes satisfy the conditions: add(^2i) = add(v^2i) and add(2i) = add(v52i). 
Hence the algebras A and B are both derived-equivalent and stably equivalent of Morita type by Theorem 15.31 
We know that F\ (5^(1)) is isomorphic to the simple B-module ^^(l). The one-point extension A[S^(1)] is given 
by the quiver Fig. 3. 

4 



1 



•4 

1 



3 



Fig. 3 



Fig. 4 



with relations apy = pyaP = yapy = rja = 0, and the one-point extension B[5g(l)] is given by the quiver Fig. 
4. with relations rja = ap = 8y8 = pa — y8 = ay = 8p = 0. By Proposition 16.31 there is a derived equivalence 
between A [5^(1)] and ^[^^(l)], which induces a stable equivalence of Morita type. 

An calculation shows that ^1(74(1)) is isomorphic to the B-module /^(l). The algebras End^(A ©/^(l)) and 
End5(B©/5(l)) are given by Fig. 5 and Fig. 6, respectively. 



1 a 2 
• 5^ • 



P 



4 7 3 

aPy8 = Py8a = y8aPy = 

Fig. 5 




1 p 2 



Y 3 



a8 = yP = Pa - 8riy = y8ri = riy8 = 

Fig. 6 



ThusEnd^(A( 
sition [6ni 



) /l ( 1 ) ) and End 5 (S © ( 1 ) ) are derived-equivalent and stably equivalent of Morita type by Propo- 
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The following example, taken from (14], shows that Theorem I5.3l may fail if only one of the conditions of 
an almost v-stable functor is satisfied. 

Example 2: Let A be the 17-dimensional algebra given by the quiver 



1 8 2 




• -< • 

4 p 3 



with relations yaP =78 = saP = 0,5s = aPy. As before, we denote by Pa(0 the indecomposable projective 
A-module corresponding to the vertex /. Let Q* be the direct sum of the following two complexes 

Pa(1) Pa{2) 0, 

0^0^ Pa{2)®PaO)®Pa{4) 0, 

where Pa{^) is in degree —1. One can check that Q* is a tilting complex over A. Let B = End^b(^)(2*). Then B 
is a 20-dimensional algebra given by the quiver 

1 a 2 

• s- • 

5' p 

• ■< • 

4 7 3 

with relations aPySa = = 5aPy, where the indecomposable projective S-modules at the vertices 1, 2, 3, and 
4 correspond respectively to the direct summands Pa{^) Pa{2), PaC^), Pa{^) and Pa (4) of the complex Q*. 
Let F : Sj°(A) — > 3)°{B) be the derived equivalence induced by the tilting complex Q* . Then F{PA{i)) = Pb(0 
for / = 2,3,4. Let Q' be the direct summand Pa(1) —>■ PaC^) of Q*. Applying F to the following distinguished 
triangle in ^''(A) 

Pa(2)[-1] ^Pa{1) ^Pa{2), 

we see that F{Pa{1)) is of the following form 

0^Pb(2)^Pb(1)^0, 

where Pb(2) is in degree zero. Thus P(A) is isomorphic in ^^(B) to a complex Q* which is the direct sum of 
the following two complexes 

Pb{2) Pb(1) 0, 

Pb{2)®Pb{3)(BPb{4) ^0^0. 

Let G be a quasi-inverse of F. Then Q' is a tilting complex associated to G. Clearly, aQ = = ^a(I) and 
bQ = = Pb{^)- It is easy to see that F satisfies the condition add(B2) = add(vB2), but not the condition 
add(A2) = add(vA2). Note that B is a Nakayama algebra and has 16 non-projective indecomposable modules, 
while A has more than 16 non-projective indecomposable modules. Thus A and B cannot be stably equivalent. 

This example also shows that Corollary 13.101 may be false for derived equivalences in general. In fact, we 
have a£ = Pa(1) and gf' = in this example. 

Finally, we mention the following questions. 

(1) Find new conditions for a derived equivalence to induce a stable equivalence of Morita type. 
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(2) Does Theorem 15.31 hold true for Artin /?-algebras A and B such that A and B both are projective over R ? 
(For the definition of stable equivalence of Morita type between Artin algebras see [19]). 

(3) Let F : &^{A) — > S'^{B) be a derived equivalence between Artin algebras A and B. If add(A2) = 
add(VA2), is it true that rep.dim(A) < rep.dim(B) ? 
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